Often physical potentials are approximated to a harmonic potential so as to analytically solve the system dynamics. For example, the quantized electromagnetic field used to manipulate a qubit in cavity quantum electrodynamics, can be described using quantum harmonic oscillator (QHO). Hence, it is important to know when a QHO behaves quantum mechanically and when classically. In this work, we encode the four lower-most eigenstates of the one dimensional-QHO(1D-QHO) onto the four Zeeman product states of a pair of spin-1/2 nuclei. Using the techniques of nuclear magnetic resonance (NMR) quantum information processing (QIP), we then demonstrate the strong violation of noncontextual hidden variable (NCHV) inequality, under specific experimental arrangements. We also experimentally investigate the weak violation of NCHV inequality by thermal equilibrium states in nuclear spins, thereby assessing their quantumness.
I. INTRODUCTION
Quantum contextuality (QC) states that the outcome of the measurement depends not only on the system and the observable but also on the context of the measurement, i.e., on other compatible observables which are measured along with [1] [2] [3] [4] . Let us consider four dichotomic observables (i.e., can take two values ±1), A, B, C, D, and pairs (A, B), (B, C), (C, D), and (D, A) commute. Classically, one assigns objective properties to physical systems such that D behaves identically on the state of the system irrespective of whether it is measured in the context of A or in the context of C, even though A and C are not compatible [5, 6] . Such measurements are said to be context independent. This is easy to understand if one considers a pair of space-like separated entangled particles, with A and C belonging to the first particle, and, B and D to the second [7] . Classically, one can pre-assign values (a, c) to (A, C) of the first particle independent of the measurement [8] carried out on the second particle. Similarly, for the second particle one can pre-assign values (b, d) to (B, D) independent of the measurement carried out on the first particle. In these pre-assignments, implicit is the assumption of noncontextual hidden variables, which predict definite measurement outcomes independent of measuring arrangement. Now consider AB + BC + CD − AD which can be written as (A + C)B + (C − A)D. As we can pre-assign values to observables and since A, B, C, D = ±1, it follows that either (A + C)B = 0 or (C − A)D = 0. Hence AB + BC + CD − AD = ±2 . The expectation value of the linear combination is [9] ,
Now let us see the implication of the quantum theory. Let Alice and Bob share a large number of singlet states:
, where, |0 and |1 are eigenkets of Pauli-z operator (σ z ), |± = (|0 ± |1 )/ √ 2. Alice measures on her qubit either σ Hong-Yi Su et.al. [11] theoretically studied QC of eigenstates of 1D-QHO. They introduced two sets of pseudo-spin operators,
with,
where, 1 is 2×2 Identity matrix. Using these operators arXiv:1503.05883v2 [quant-ph] 23 Apr 2015 they defined the observables, 
where, I
QM |l QHO is the expression on LHS of inequality 1, l = 0, 1, 2 and 3, and, |0 QHO , |1 QHO , |2 QHO and |3 QHO are first four energy eigenstates of 1D-QHO. All states of two-particle system do not violate Bell's inequality (1) . For example, proper mixtures always satisfy Bell's inequality (hence neither quantum nonlocality nor QC), as first shown by Capasso et al. [12] , whereas nonfactorable states always violate Bell's inequality as discussed by D Home [13] . However, in expression (5), even though initial states are factorable (when we encode them onto Zeeman product states: {|00 , |01 , |10 , |11 }), we still observe violation of Bell's inequality (1). This is because, initial states are factorable but not proper mixtures. Also, even though observables in eq.s 3 and 4 are products (i.e., factorable), they are still nonlocal operators as we are measuring two system qubits jointly (i.e., simultaneously, nonlocally, globally), but not doing sequential local measurements on each qubit [14] . To observe nonlocal correlations, initial state should be nonfactorable and the two entangled particles should be space-like separated. None of these were present in our experiment. Hence, we can say, the violation of (1) that we observed was due to QC. If the initial state is a proper mixture, then we will not be able to observe even QC. However, if we consider an inequality which is more general than Bell's inequality, then we can observe QC even if the initial state is a proper mixture. This is evident from section III, which deals with state independent QC and hence we will be able to observe the violation of inequality 16, even if the initial state is a proper mixture. Any system with dimension of Hilbert space > 2 exhibits QC [4] . Even a single spin-1 particle exhibits QC, for eg., a spin-1 electron in Nitrogen Vacancy (NV) center [15] . Hence, QC is more general than quantum nonlocality. In the next section we describe the experimental details and results, in Sec. III we will describe state independent contextuality experiment, then we conclude in Sec. IV.
II. EXPERIMENT
For experimentally studying eq. (1), we need: (i) a physical representation of first four energy eigenstates {|0 QHO , |1 QHO , |2 QHO , |3 QHO } of 1D-QHO, and (ii) a way to find out the expectation values for operators AB, BC, CD, and DA. We encode the first four energy eigenstates of 1D-QHO onto the four energy eigenstates (under secular approximation) of a pair of spin-1/2 nuclei precessing in external static magnetic field: {|00 , |01 , |10 , |11 }, which we call Zeeman product states. |00 = |0 ⊗ |0 , .... In fact any four arbitrarily choosen energy eigenstates of 1D-QHO and also their superposition states exhibit QC [11] . The circuit shown in Fig. 1 is called Moussa protocol [16] , and is used to extract the expectation value of observables in a joint measurement. Consider the control gate,
where, 1 4 is 4 × 4 Identity matrix. In obtaining eq. 7 from eq. 6 we used the fact that X i is an unitary operator. Hence, if X i is unitary, then cX i is also unitary. Unitary state evolution for the circuit in Fig. 1 proceeds as follows,
where, |+ +| is the initial state of the ancilla, and ρ is the initial state of the system. The state of the ancilla qubit, ρ a , at the end of the circuit (just before measurement) is given by, The NMR measurements correspond to the expectation values of spin angular momentum operators, I x or I y [17] . Measurement of I x on ancilla qubit at the end of Moussa protocol gives:
stands for real part of. In obtaining eq. 12 from eq. 11, we used the fact that X i 's mutually commute. As X i 's mutually commute, they will have a common eigenbasis. P i is the 1D projector onto the i th common eigensubspace of X i 's, satisfying P i P j = δ ij P i and
is the eigenvalue of the operator X k corresponding to P i . Further if all X i 's are Hermitian,
The three qubits for this experiment were provided by the three 19 F nuclear spins of trifluoroiodoethylene dissolved in acetone-D6. Fig. 2(a) shows the structure of trifluoroiodoethylene along with the Hamiltonian parameters in Fig.2(b) . The effective 19 F spin-spin (T * 2 ) and spin-lattice (T 1 ) relaxation time constants were about 0.8 and 6.3 s respectively. The experiments were carried out at an ambient temperature of 290 K on a 500 MHz Bruker UltraShield NMR spectrometer. The amplitude and phase of the pulse is written over the top of respective pulse, and unshaded pulses are (π)x pulses. During the J evolution 1/(2J23), (π)x pulses refocus J12 and J13 evolutions and retain only J23 evolution. Similarly others. Last row represents Pulsed Field Gradients(PFG), which kills the transverse magnetization or in other words they make coefficients of Ix and Iy zero [17] The thermal equilibrium state for the three spin system in the eigenbasis of total Hamiltonian (under secular approximation: {|000 , |001 , ...}) is [17] ,
where, 1 8 is an 8 × 8 identity matrix, for notational simplicity we write I 1z ⊗ 1 ⊗ 1 as I 1z (I iz = σ iz /2), is the reduced Planck's constant, ω = −ω 0 and ω 0 (= −γB 0 ) is the Larmor frequency of precession of fluorine, k is the Boltzmann constant, and T is the temperature in Kelvin [18] . Any unitary operation over the thermal state has no effect on Identity, thus only modifies the traceless deviation part (∆ρ = i I iz ). So, from here on we are considering only the traceless deviation part of the full matrix. The pulse sequence to prepare the pseudo-pure state [19] , (15) from the equilibrium state is shown in Fig. 2(c) . After this pulse sequence, ρ eq → ρ ini = (1 − )1/8 + (|000 000|) = 1/8 + ∆ρ |000 , where = ω/(8kT ).
The first spin, F 1 , is used as an ancilla qubit, and other spins, F 2 and F 3 , as the system qubits. A Hadamard gate on the first spin transforms, ρ ini → ρ mou ini = (1 − )1/8 + (|+ +| ⊗ |00 00|) = 1/8 + ∆ρ |+00 . In expression 8 replacing |+ +| ⊗ ρ by ρ mou ini , and proceeding till eq. 13 we obtain T r[ρ a I x ] = X 1 X 2 · · · X n ρ , where ρ = |00 00|, ofcourse, iff all the X i 's are Hermitian. can be determined in a separate experiment by putting all X i 's as Identity operators. Other pseudo-pure states i.e., ∆ρ |+01 , ∆ρ |+10 , ∆ρ |+11 were prepared by applying π pulse to appropriate spin(s). All pulses were numerically optimized using the GRAPE technique [20] and had fidelities better than 0.999. Pulse length for each term in (1) was about 23 ms.
We evaluated the expression for I (1), for all the four eigenstates and independently varied both β and η over the range [−π, π] with increments of π/4. The results are shown in Fig. 3 . The maximum theoretical violation is 2 √ 2 = 2.8284. The experimental value of maximum violation for I 0 , I 1 , I 2 , and I 3 are 2.4011±0.0169, 2.4461± 0.0252, 2.3901±0.0159 , and 2.4207±0.0267 respectively.
III. STATE INDEPENDENT CONTEXTUALITY
Hong-Yi Su et.al. also studied the state independent contextuality [11, 21] . They considered the inequality P 11 P 12 P 13 + P 21 P 22 P 23 + P 31 P 32 P 33 + P 11 P 21 P 31 + P 12 P 22 P 32 − P 13 P 23 P 33 ≤ 4 (16) where P ij are the elements of the matrix P,
Operators in each row of the matrix P commute with each other. Similarly in each column. P ij 's, i, j = 1, 2, 3, are dichotomic (±1) observables. If we put this value (±1) in LHS of 16 and try out all permutation and combination, we get the classical bound 4. However, if we use eq. 2 for P ij 's, we obtain: P 1j P 2j P 3j = P i1 P i2 P i3 = 1 ∀ i = 1, 2, 3 and j = 1, 2. But, P 13 P 23 P 33 = −1 which means quantum mechanical bound of LHS of 16 is 6, independent of initial state of the system. For testing the inequality (16), we again make use of the Moussa protocol to measure the expectation values. Taking advantage of the state independent property of the above mentioned inequality, we took the initial state of the system to be the thermal equilibrium state. A (π/2) y pulse was applied on the first spin to prepare the ancilla in a superposition state i.e. of the
All the P ij gates were implemented using the GRAPE technique and had fidelities better than 0.999. Experimentally we found out the value of L.H.S. of inequality (16) to be 4.81 ± 0.02
There is a clear violation of the classical bound, however it is still far below the quantum bound. The reason is the T 2 decay and inhomogeneity in Radio Frequency (RF) pulses. The gate times for each term in inequality (16) was about 40 ms, which is almost double that in state dependent case (see below eq. 15), and it is fairly long for this spin system. However, this departure from quantum bound may be viewed as a test of decoherence model.
IV. CONCLUSION
We have experimentally simulated the QC exhibited by first four energy eigenstates of 1D-QHO through the violation NCHV inequality (1), for specific values of β and η (Fig.3) , there by ruling out NCHV description of 1D-QHO. However, we know that coherent states (Poissonian superposition of all the energy eigenstates of 1D-QHO) behave classically as far as system dynamics is concerned. Hong-Yi Su et.al. [11] have theoretically shown, by making use of QC exhibited by first four energy eigenstates of 1D-QHO, and extending it to all other states, that even coherent states as well as squeezed states exhibit QC. Hence we can also extrapolate our experimental results of first four energy eigenstates of 1D-QHO and say 'coherent states do violate NCHV inequality', there by revealing their hidden quantumness, which may be exploited in QIP tasks. Similarly QC of squeezed states might be useful in Laser Interferometer GravitationalWave Observatory (LIGO). By varying β and η (Fig.3) we could observe quantum to classical transition, and this information may be useful in choosing the kind of observables in QIP tasks. Finally by demonstrating the violation of state independent NCHV inequality (16), we have shown that quantum nonlocality is only a subset of QC, as quantum nonlocality is a state dependent property.
